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Critical exponents in coupled phase-oscillator models on small-world networks
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Graduate School of Informatics, Kyoto University, 606-8501 Kyoto, Japan
A coupled phase-oscillator model consists of phase-oscillators, each of which has the natural fre-
quency obeying a probability distribution and couples with other oscillators through a given periodic
coupling function. This type of models is widely studied since it describes the synchronization tran-
sition, which emerges between the non-synchronized state and partially synchronized states, and
which is characterized by the critical exponents. Among them, we focus on the critical exponent
defined by coupling strength dependence of the order parameter. The synchronization transition is
not limited in the all-to-all interaction, whose number of links is of O(N2) with N oscillators, and
occurs in small-world networks whose links are of O(N). In the all-to-all interaction, values of the
critical exponent depend on the natural frequency distribution and the coupling function, classi-
fied into an infinite number of universality classes. A natural question is in small-world networks,
whether the dependency remains irrespective of the order of links. To answer this question we
numerically compute the critical exponent on small-world networks by using the finite-size scaling
method with coupling functions up to the second harmonics and with unimodal and symmetric nat-
ural frequency distributions. Our numerical results suggest that, for the continuous transition, the
considered models share the critical exponent 1/2, and that they are collapsed into one universality
class.
I. INTRODUCTION
Ever since Huygens found that two pendulum clocks
hanging on a wall swung in the opposite direction from
each other, many illustrations of synchronization have
been established in various fields of nature, such as frog
choruses [1], flashing of fireflies [2, 3], metronomes [4],
and circadian rhythms [5]. It is natural to try to under-
stand synchronization theoretically, and a coupled phase-
oscillator model is one of successful models to describe
synchronization [6]. This model consists of many coupled
oscillators, and the coupling is expressed by a periodic
coupling function, Each oscillator has the so-called natu-
ral frequency, randomly drawn from a natural frequency
distribution. When the coupling strength K increases,
the oscillators exhibit the synchronization transition from
the non-synchronized state to (partially) synchronized
states. The synchronization transition is continuous or
discontinuous, depending on the natural frequency dis-
tribution and the coupling function [7–17].
The critical phenomena have been extensively studied
in statistical mechanics. One of their remarkable fea-
tures is the existence of universality classes; the systems
in a universality class share the critical exponents de-
fined around the critical point Kc of a continuous tran-
sition. One of the critical exponents is β, defined by
r ∼ (K −Kc)
β , where r is the order parameter. Thus, it
is natural to ask the universality classes in the coupled
phase-oscillator models through values of the critical ex-
ponent β.
For the all-to-all and uniform coupling, extended re-
searches have computed the value of β, and it depends
on the coupling function and the natural frequency dis-
tribution [7–17]. For simplicity, we focus on coupling
functions which have two harmonics at most, and review
values of the critical exponent β for the following three
cases: (i) the second harmonics is absent, (ii) the second
harmonics has the opposite sign with the leading har-
monics, and (iii) the second harmonics has the same sign
with the leading harmonics. We assume that the natural
frequency distribution is unimodal and symmetric, and
that the second-leading term of its Maclaurin expansion
is of the order 2n.
In the case (i) and (ii), the model shows a continu-
ous transition, whereas in the case (iii), a discontinu-
ous transition occurs, hence we cannot define the criti-
cal exponent β [12]. In the case (i), the model becomes
the Kuramoto model [7], a paradigmatic coupled phase-
oscillator model. Several researches have pointed out
that the critical exponent β = 1/(2n) [7–10]. This n
dependence is a strong feature of the Kuramoto model
and gives a sharp contrast with the case (ii). In the case
(ii), the critical exponent β becomes 1 for n = 1 [11–14],
and this value is suggested to be universal irrespective of
n ∈ N [12].
The universality of the coupled phase-oscillator mod-
els depends also on the manner of coupling, that is, the
network of the coupling. For example, oscillator mod-
els on complex networks are of interest to many natural
phenomena [18]. In particular, a previous research [19]
has studied the continuous synchronous transition of the
coupled phase-oscillator model on a small-world network,
one of complex networks, and claims that β = 1/2 for
n = 1 in the case (i). However, the research lacks to con-
sider other cases. In this paper, we numerically study the
synchronous transitions on small-world networks in the
cases (i)-(iii) above. Our results suggest that in the case
(i) and (ii), a continuous transition occurs, and β = 1/2
for every n ∈ N.
This paper is organized as follows. In Sec. II, we show
the algorithm of constructing the small-world network,
then introduce coupled phase-oscillator models on small-
world networks. We also introduce a family of the natural
frequency distributions, whose second-leading term is of
2FIG. 1. Comparison between the all-to-all network (left) and
a small-world network (right) with 20 nodes. In the small-
world network, we set k = 3 and the rewiring probability
p = 0.2.
the order 2n. In Sec. III, we show a way to calculate
the critical exponent β using finite-size scaling, then we
numerically obtain β. Finally, in Sec. IV, we summarize
this paper and note some future works.
II. COUPLED PHASE-OSCILLATOR MODELS
ON SMALL-WORLD NETWORKS
In this section, we define the coupled phase-oscillator
model on a small-world network, and introduce the or-
der parameter to observe synchronization. A small-world
network possesses the property of a small diameter and a
large clustering coefficient despite its sparsity. This net-
work can be seen in various fields of the real world, such
as human relationships, World Wide Web, citations of
scientific papers, and so on. In 1998, Watts and Stro-
gatz proposed a breakthrough network model showing
the property of a small-world network, which is created
in the following algorithm [20]. We first make a periodic
k-nearest neighbor network with N nodes, which results
in kN edges. Then we rewire each edge with probability
p, keeping in mind that we do not allow self-loops or link
duplications. Also, we use only connected small-world
networks: if a generated network is disconnected, we dis-
card it and generate another one until connected one is
created. See Fig. 1 for a comparison between the all-to-
all network and a small-world network. In this paper, we
set k = 3 and p = 0.2, following the previous research
on the coupled phase-oscillator model on a small-world
network [19].
We consider the coupled phase-oscillator model with
N oscillators on a small-world network, which evolves in
time with the following equations,
dθi
dt
= ωi +
K
2k
∑
j∈Λi
fa(θj − θi),
fa(θ) = sin θ + a sin 2θ,
(1)
for i = 1, · · · , N . θi and ωi are the phase and the natural
frequency of the ith oscillator respectively, and ωi is ran-
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FIG. 2. Graphs of gn(ω) with n = 1, 2, 3, 10, and ∞, where
we set ∆ = 1. We see that the gn(ω) converges to g∞(ω) as
n becomes larger.
domly drawn from a natural frequency distribution g(ω).
K > 0 is a coupling constant, describing how strong the
coupling between oscillators are. Λi is the index set,
which contains the indexes of oscillators connecting to
the ith oscillator. For each oscillator, the average num-
ber of edges is 2k, and we normalize the coupling term
by 2k. The coupling function is fa(θ), and when a = 0,
this model is identical to the one proposed in [19].
As the natural frequency distribution g(ω), we intro-
duce a family of distributions, parametrized by a natural
number n ∈ N,
gn(ω) =
n
Γ(1/(2n))∆
e−(ω/∆)
2n
, (2)
where Γ(z) =
∫
∞
0
tz−1e−tdt is the Gamma function de-
fined on ℜ(z) > 0. Here, ∆ > 0 is a parameter describing
the width of the distribution. We note that n = 1 gives
the Gaussian distribution. For every n, this distribution
is unimodal and symmetric with respect to ω = 0, and
its Maclaurin expansion has the following form,
gn(ω) = gn(0)− Cnω
2n + · · · , (3)
where Cn = n/(Γ(1/(2n))∆
2n+1) is positive. We remark
that the generalized Lorentzian distribution introduced
in [21] also has the same expansion form. In the limit
n→∞, gn(ω) converges to g∞(ω) in the L
1-norm,
g∞(ω) =
{
1/(2∆), ω ∈ (−∆,∆),
0, otherwise.
(4)
This distribution is a uniform distribution on a compact
support. See Fig. 2 for the graph of the distribution gn(ω)
and its convergence to g∞(ω).
To visualize the extent of synchronization of oscillators,
we introduce the order parameter rN (K) defined for each
3coupling strength K,
rN (K) =
∣∣∣∣∣∣
1
N
N∑
j=1
eiθj
∣∣∣∣∣∣ . (5)
This order parameter represents the centroid of the oscil-
lators moving on the complex unit circle S1. When the
oscillators are uniformly distributed on S1, which corre-
sponds to the non-synchronized state, rN (K) gets close
to 0. On the other hand, when the oscillators gather at a
point on S1, which corresponds to the synchronized state,
rN (K) equals 1. Calculating rN (K) is therefore use-
ful for monitoring synchronization of the coupled phase-
oscillator models. In the next section, we will look into
the relationship between the order parameter rN (K) and
the coupling strength K.
We remark a difference between the model considered
in [22, 23] and ours. In the literature, the authors con-
sider the coupled phase-oscillator models on the small-
world network with the equivalent equations as (1), but
they construct the small-world network with each node
connected to k = ⌊sN⌋ neighbors for s ∈ (0, 0.5), whereas
k is constant regardless of N in our model. Here, ⌊x⌋
is the floor function that takes the greatest integer less
than or equal to x. As a result, their network has O(N2)
edges, and is much more dense than our network, which
has O(N) edges. An advantage of their model is that it
can be analyzed through the equation of continuity us-
ing the graphon [24], the continuous limit of the matrix
representing the couplings, of the small-world network.
We note the dependency on p for a synchronization
transition. For p = 0, the small-world network be-
comes the periodic one-dimensional k-nearest-neighbor
network. In [19], the authors numerically showed that
a coupled phase-oscillator model on a k-nearest-neighbor
network does not show a synchronization transition; r ≈
0 for all K. However, if p is greater than zero, a syn-
chronization transition occurs because of emergence of
shortcuts.
III. NUMERICAL SIMULATIONS
In the large population limit N → ∞, the coupled
phase-oscillator model (1) is expected to show a syn-
chronization transition around a critical point Kc. For
K < Kc, the order parameter r(K) := limN→∞ rN (K)
is zero, which corresponds to the non-synchronized state.
On the other hand, for K > Kc, the model shows a par-
tial synchronized state, in which r(K) exhibits power law
behavior close to the critical point in the form of
r(K) ∼ (K −Kc)
β , (6)
where β is one of the critical exponents. The critical
exponents are crucial to describe critical phenomena,
and models are classified into universality classes, each
of which shares the same critical exponents. Therefore
calculating the critical exponents, including β, is an im-
portant problem from theoretical and numerical perspec-
tives. In this section, we numerically calculate the criti-
cal exponent β of the coupled phase-oscillator models on
small-world networks.
The critical exponent β is defined in the large popula-
tion limit N →∞, and this cannot be achieved through
the numerical simulations. To overcome this difficulty,
we use the finite-size scaling, that is, we assume that
there exists a function F , so called the scaling function,
and that the order parameter reads
rN (K) = N
−β/ν¯F ((K −Kc)N
1/ν¯). (7)
Here, the critical exponent ν¯ is defined through the cor-
relation length ξ, which diverges at K = Kc with
ξ ∝ (K −Kc)
−ν¯ . (8)
The finite-size scaling is widely used for numerical studies
of critical phenomena in second-order phase transitions,
including coupled phase-oscillator models [19, 25–30].
In this paper, we use a new statistical method [31, 32] to
estimate the values ofKc, β and ν¯ in the finite-size scaling
relation. Using a new technique in the field of machine
learning, we can automatically find the best parameter
set with a good collapse of data points onto a scaling
function F .
Numerical simulations of the coupled phase-oscillator
model on the small-world networks are performed by us-
ing the fourth-order Runge–Kutta algorithm with the
time step δt = 0.1. We first make a Watts–Strogatz’s
small-world network, and for each K, we numerically
integrate (1) by setting random initial phases and ran-
dom natural frequencies obeying gn(ω), and we take the
time average of the order parameter in the time interval
t ∈ [300, 500]. We performed 400 realizations by chang-
ing small-world networks for each system size, which we
take from N = 1600 to N = 25600. The order parameter
rN (K) and its errorbar are evaluated by the resampling
technique: We randomly choose 200 samples out of 400
realizations, and we calculate the mean of the order pa-
rameter, which we refer to {r
(i)
N (K)}
S
i=1. We take this
step for S = 1000 times, and rN (K) is given by the mean
of {r
(i)
N (K)}
S
i=1, and the confidence interval of rN (K) is
given by the statistical deviation of {r
(i)
N (K)}
S
i=1. We
will show results of a = 0,−0.2, and 0.5, chosen from
the neighborhood of a = 0, as the case (i), (ii), and (iii),
respectively. The order of the second-leading term in the
natural frequency distribution are taken as n = 1, 2, 3,
and ∞. See Fig. 3 for the numerical results with n = 1
and a = 0,−0.2.
Once we obtain rN (K) for several system size N , we
evaluate the critical exponents β and ν¯ and the critical
point Kc from the scaling relation (7). We determine
these values by finding the best values so that points of
rN (K)N
β/ν¯ as a function of (K − Kc)N
1/ν¯ are tightly
collapsed to a scaling function F . Here we again use
the resampling method to obtain the critical exponents
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FIG. 3. Graphs of order parameter rN(K) with its confi-
dence interval for the model (1), where we take the coupling
function fa(θ) with (a) a = 0 and (b) a = −0.2. As a nat-
ural frequency distribution, we use g1(ω) with ∆ = 1, and
N = 1600, 3200, 6400, 12800, and 25600 from top to bottom.
rN(K) and its confidence interval are evaluated by the resam-
pling technique. Errorbars are so small that they may not be
visible.
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FIG. 4. Scattering plots of computed parameters Kc, β and
ν¯, evaluated by the Bayesian scaling analysis. Here, we use
(a, n) = (0, 1), and we set Nmin to 1600, 3200 and 6400.
and their confidence intervals: By introducing the symbol
Nmin to indicate the smallest system size for the finite-
size scaling analysis, we use r
(i)
Nmin
(K), r
(i)
2·Nmin
(K), and
r
(i)
4·Nmin
(K) to evaluate β, ν¯, and Kc by the Bayesian scal-
ing analysis [31, 32]. Figure 4 shows β, ν, and Kc esti-
mated from each resampling data set. Mean values and
standard deviations of β, ν¯, and Kc give us the best-fit
parameters and confidence intervals. We carried out this
procedure for Nmin = 1600, 3200, and 6400. The graph of
rN (K)N
β/ν¯ versus (K−Kc)N
1/ν¯ are shown in Fig. 5 for
checking the validity of the estimated parameters β, ν¯,
and Kc.
We check the hysteresis of (1) with a = 0.5 by taking
two different types of initial phases {θi}
N
i=1: (i) We start
with the random initial phases {θi}
N
i=1 at K = Kstart,
and the final phases at t = 500 is used as the initial
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FIG. 5. Graph of scaled order parameter rN (K)N
β/ν¯ versus
scaled coupling constant (K − Kc)N
1/ν¯ for (a, n) = (0, 1),
where we use β, ν¯ and Kc, obtained by the Bayesian scal-
ing analysis for Nmin = 6400. The values of β, ν¯, and Kc
are shown in Table I. We see that the scaled data are well
collapsed to a scaling function F .
phases at the successive value of K in the increasing di-
rection. We call this process the “forward” process, and
r
(forward)
N (K) denotes its order parameter. (ii) Contrary
to the “forward” process, we start with the random ini-
tial phases {θi}
N
i=1 at K = Kend, and the final phases at
t = 500 is used as the initial phases at the successive value
of K in the decreasing direction. We call this process the
“backward” process, and r
(backward)
N (K) denotes its order
parameter. We have executed the numerical simulations
of (1) for a = 0,−0.2, and 0.5, and n = 1, 2, 3, and ∞,
and N = 25600 with two different initial phases as shown
above, and confirmed that there exists a hysteresis only
for a = 0.5 regardless of n. See Fig. 6 for an example
of a hysteresis with (a, n) = (0.5, 1). We therefore con-
clude that the coupled phase-oscillator model (1) shows
a discontinuous transition for a = 0.5.
Results of the parameters estimated by the Bayesian
scaling analysis are summarized in Table I. Here we ex-
trapolate the critical values to Nmin = ∞ by plotting
the values of Kc, β and ν¯ as a function of 1/Nmin,
and use the least square method to find the values at
limNmin→∞ 1/Nmin = 0. The extrapolated values are
listed in the line of Nmin = ∞ in Table I. See Fig. 7
for the extrapolation of β with a = 0 and −0.2.
By observing the computed parameters shown in Table
I, we find that β converge to
β ≃
1
2
, (9)
which is independent of a and n, unlike the coupled
phase-oscillator on the all-to-all network. We notice
that the critical exponent ν¯ obtained in [19], claiming
that ν¯ ≃ 2 for (a, n) = (0, 1), is different from ours,
5TABLE I. Critical exponents β, ν¯ and the critical point Kc of (1) depending on the coupling function fa(θ) = sin θ + a sin 2θ
and the natural frequency distribution gn(ω) in (2), for a = 0 and −0.2 and n = 1, 2, 3, and ∞. For each pair of (a, n), we use
Nmin = 1600, 3200, 6400, and execute the Bayesian scaling analysis [31] to find the best parameters fitting (7). We extrapolate
the critical values to Nmin =∞ by using the least square method, and they are listed in the line of Nmin =∞.
fa(θ) gn(ω) Nmin Kc β ν¯
a = 0 n = 1 1600 2.13(3) 0.33(4) 2.61(7)
3200 2.07(1) 0.42(3) 2.53(5)
6400 2.05(1) 0.47(3) 2.45(4)
∞ 2.02(2) 0.51(4) 2.40(6)
n = 2 1600 1.85(1) 0.27(2) 2.67(5)
3200 1.78(1) 0.37(2) 2.53(3)
6400 1.755(9) 0.44(2) 2.50(3)
∞ 1.72(1) 0.49(2) 2.43(4)
n = 3 1600 1.80(1) 0.28(2) 2.62(4)
3200 1.76(1) 0.33(2) 2.51(3)
6400 1.723(8) 0.44(2) 2.51(3)
∞ 1.69(1) 0.47(2) 2.46(4)
n =∞ 1600 1.83(1) 0.27(1) 2.50(4)
3200 1.79(1) 0.36(2) 2.52(3)
6400 1.780(8) 0.41(2) 2.46(3)
∞ 1.76(1) 0.46(2) 2.46(4)
a = −0.2 n = 1 1600 2.43(5) 0.38(8) 2.67(9)
3200 2.35(2) 0.44(6) 2.58(7)
6400 2.34(1) 0.45(4) 2.42(6)
∞ 2.31(3) 0.48(6) 2.36(8)
n = 2 1600 2.09(3) 0.31(4) 2.87(7)
3200 1.99(2) 0.41(4) 2.65(5)
6400 1.96(1) 0.47(3) 2.52(4)
∞ 1.91(2) 0.51(4) 2.41(6)
n = 3 1600 2.04(3) 0.27(5) 2.85(8)
3200 1.96(2) 0.37(4) 2.65(5)
6400 1.91(1) 0.49(3) 2.59(4)
∞ 1.86(2) 0.55(4) 2.50(6)
n =∞ 1600 2.08(3) 0.25(4) 2.76(6)
3200 2.00(1) 0.38(4) 2.69(5)
6400 1.97(1) 0.43(3) 2.54(4)
∞ 1.94(2) 0.49(4) 2.49(6)
ν¯ ≃ 5/2. They first find the best fit β/ν¯ and Kc at
which rN (K)N
β/ν¯ crosses at K = Kc by varying the
system size N . Then they use the following formula,
log
[
drN
dK
(Kc)
]
=
1− β
ν¯
logN + const., (10)
which is calculated by taking the derivative of (7) with
respect to K, and they calculate (1−β)/ν¯ by computing
the slope of log[drNdK (Kc)] with respect to logN . However
this method has a disadvantage that the estimated crit-
ical point Kc is needed for calculating (1 − β)/ν¯. Also,
this method does not take into account the numerical
results rN (K) for K 6= Kc. We believe that our estima-
tion of the critical exponents is more reliable because it
uses the Bayesian scaling analysis which overcomes these
disadvantages.
IV. CONCLUSION AND DISCUSSION
We calculated the critical exponents β and ν¯ for the
coupled phase-oscillator models on the small-world net-
work in (1) by using the finite-size scaling method. We
set the coupling function as fa(θ) = sin θ + a sin 2θ, and
the natural frequency distribution as gn(ω) in (2), and
we studied the (a, n)-dependency of the critical expo-
nent β. Our results suggest that β is 1/2 for all gn(ω)
and coupling function fa(θ) with a = 0 and −0.2, which
means that all such systems are in the same universal-
ity class. This universality shows a sharp contrast with
the Kuramoto model, which has various values of β de-
pending on the coupling function and the natural fre-
quency distribution. Remarking that the coupled phase-
oscillator models on a small-world network with O(N2)
edges [22, 23] shares the same critical exponent as the
Kuramoto model, whose network also has O(N2) edges,
we believe that this contrast comes from the number of
edges of networks. We also find that the model (1) shows
61.5 1.6 1.7 1.8 1.9
K
0.0
0.2
0.4
0.6
0.8
1.0
r
N
(K
)
r
(forward)
N
(K)
r
(backward)
N
(K)
1.6 1.8K
0
0.05
FIG. 6. Graphs of rN(K) and its errorbar of (1) for (a, n) =
(0.5, 1) with two different types of initial phases, where we
set the number of oscillators N = 25600. We see that rN(K)
takes a different value depending on the choice of the initial
phases around K ∈ (1.6, 1.8). The inset shows that the graph
of r
(backward)
N (K)− r
(forward)
N (K).
0.2
0.3
0.4
0.5
0.6
β
(a) a = 0
n = 1
n = 2
n = 3
n =∞
1/∞ 1/16001/32001/6400
1/Nmin
0.2
0.3
0.4
0.5
0.6
β
(b) a = −0.2
n = 1
n = 2
n = 3
n =∞
FIG. 7. Graphs of β as a function of 1/Nmin for (a) a = 0 and
(b) a = −0.2 in (1). Critical exponents obtained by the finite-
size scaling are shown with errorbars, and their extrapolation
are shown at 1/Nmin = 1/∞, which are calculated by the least
square method. For each a, the resulting linear regression
lines are drawn with the solid line for n = 1, the dashed line
for n = 2, the dot-dashed line for n = 3, and the dotted line
for n =∞.
a discontinuous transition for a = 0.5. This discontinuity
is shared between the two types of networks: networks
with O(N2) edges and O(N) edges.
We end this paper commenting on five future works.
Firstly, we mainly focused on the dependence of critical
exponents of the natural frequency distribution, and we
picked representative points of a from around a = 0 to
check universality in the coupled phase-oscillator models
on a small-world network. Studying a global phase dia-
gram on the (K, a)-plane is a subject for future research.
Secondly, we note a relationship with the noisy Ku-
ramoto model. In the Kuramoto model, the value of β
depends on the natural frequency distribution, but by
adding some noises, β = 1/2 is consistent regardless of
the natural frequency distribution [33]. This value is sim-
ilar to the one in the coupled phase-oscillator models on
a small-world network with a reasonable choice of the
1/N extrapolation performed in Fig. 7. These coinci-
dence thus suggests introducing the small-world network
plays a similar role with applying noises because of its
inhomogeneous couplings.
Thirdly, in addition to the critical exponent β, there
are still other critical exponents to calculate, γ and δ con-
cerning with response for instance. Once we obtain three
critical exponents, we can check if the Widom equality
γ = β(δ−1) holds. For the Kuramoto model, the Widom
equality is obtained by analyzing the self-consistent equa-
tion with respect to r [10]. However, we cannot derive the
self-consistent equation for the coupled phase-oscillator
model on the small-world network, and it is not obvious
if the Widom equality holds.
Fourthly, it remains to clarify α-dependence of the crit-
ical exponent β in coupled phase-oscillator models with
O(Nα)-edge networks (1 < α < 2). This α-dependence
may make a bridge to the gap between α = 2 and 1,
which has been revealed in this paper.
Finally, since we numerically obtained β, it is natural
to check the value theoretically. To investigate critical
phenomena in the model (1), one has to consider the
large population limit N → ∞, but to the best of our
knowledge, we do not have a tool for taking the large
population limit with network of O(N) edges. It is chal-
lenging to attack this problem.
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